A holomorphic motion of £ c C over the unit disc D is a map /: DxC -> C such that f(0, w) = w , w € E , the function f{z, w) = fz(w) is holomorphic in z , and fz : E -» C is an injection for all z € D . Answering a question posed by Sullivan and Thurston [13], we show that every such / can be extended to a holomorphic motion F: D x C ->C. As a main step a "holomorphic axiom of choice" is obtained (concerning selections from the sets C\fz(E), z e D). The proof uses earlier results on the existence of analytic discs in the polynomial hulls of some subsets of C .
INTRODUCTION AND STATEMENT OF RESULTS
Holomorphic motions are isotopies depending ho) omorphically on a complex parameter. Their study was originated by Mané et al. [8] , in the context of the dynamics of rational maps, and was continued by Sullivan and Thurston [ 13] and Bers and Royden [2] .
Definition [13] . Let £ be a subset of C. A holomorphic motion of E in C, parametrized by the unit disc D, is a map f:DxE-*C such that (a) for any fixed w G E, the map z ^ fi(z, w): D ->C is holomorphic; (b) for any fixed z G D, the map w -► f(z, w) = fiz(w) is one-to-one; and (c) f0 is the identity map on X.
Note that no continuity in w or (z, w) is assumed here. However, it holds due to the following remarkable "lambda lemma" of Mané et al. Lemma 1.1 [8] . If fi: D x E -> C is a holomorphic motion, then f(z, w) is jointly continuous and has a continuous extension to F: D x E -► C. Furthermore, F is a holomorphic motion of E over D, and the injections Fz(-) = F(z,-) are quasiconformal.
If we consider the "trace" of holomorphic motion, i.e., the set (1.1) {(z, fz(w)): z G D, wgE}gDxC, we observe that it is foliated by a family of analytic discs. (An analytic disc = the graph of an analytic map D -> C.) A similar property was obtained for polynomially convex hulls of some classes of subsets of C by Alexander and Wermer [1] , by Forstneric [3] , and by the author [11, 12] . We quote next the most general of those results. (Below, h(X) denotes the polynomial hull of the set X.) Theorem 1.2 [ 12] . Let X c dD x C be a compact set such that the fibers X(Q := {w G C: (f, w) G X} are connected for all Ç GdD. Assume h(X)nDxC ^ 0.
Then, h(X)\X is the union of a family of analytic discs. Furthermore, the topological boundary S of h(X)\X in DxC is the union of a family of mutually disjoint analytic discs.
An obvious reinterpretation of this result in terms of holomorphic motion is that the part S of the boundary of the hull h(X) is the trace, in the sense of (1.1) of some holomorphic motion (unique, in fact) of the fiber 5(0). (We will also see in §3 that the whole set h(X)\X is the trace of some holomorphic motion.) The purpose of this paper is to use the relation between polynomial hulls and holomorphic motions to prove Theorems 1.3 and 1.4 below, answering thereby two questions posed by Sullivan and Thurston [13] .
The first concerns the extendability of holomorphic motions. Theorem 1.3. Every holomorphic motion /:Z)x£-»C of an arbitrary subset E of C can be extended to a holomorphic motion F: D x C -> C (that is F\D x E -f) of C, parametrized by the same unit disc D.
Partial extension results already have been reached. Sullivan and Thurston [13] proved the existence of F: D(0, r)xC-»C, where D(0, r) = {z: \z\ < r} and r is a positive and uniform, but otherwise unspecified, constant. Bers and Royden [2] gave another construction in which r = 3 . Our result amounts to showing that r -1 ; in addition, the methods are different from those of [2] and [13] , and are, arguably, simpler.
The next theorem asserts another conjecture of Sullivan and Thurston [13] , called by them the "holomorphic axiom of choice." Theorem 1.4. Let f(z, w) -fz(w) be a holomorphic motion of a subset E c C, parametrized by z G D. Then, for every point a outside E, there is a holomorphic map g:Z)-»C such that (i) g(0) = a and (ii) g(z) <£ fz(E) for every zgD.
Since it has already been indicated by Sullivan and Thurston [13] that (and how) the holomorphic axiom of choice would imply the extension result, our main effort is directed toward obtaining Theorem 1.4. We prove its finite version in §2, and in §3 the derivations of Theorems 1.3 and 1.4 are briefly sketched. We also present a "near converse" to Theorem 1.2-that the trace of analytic motion, restricted to any smaller disc D(0, r), r < 1, is the polynomial hull of a subset of dD(0, r)xC (Proposition 3.3).
HOLOMORPHIC AXIOM OF CHOICE: FINITE CASE
In this section we prove the following lemma, which asserts that Theorem 1.4 holds for holomorphic motions of finite sets E. To prove this, we construct a special polynomial hull which, as stated above (Theorem 1.2), must admit many analytic discs. One of them will be the graph of the desired map g. In fact, there is no need to use the full generality of Theorem 1.2, and we will apply an earlier result of Forstneric [3] , which we recall now, for the convenience of the reader. is one-to-one and, therefore, a homeomorphism of two annuli. In view of (2.1), this homeomorphism maps the boundary of R/Z x [0, 1] onto the boundary of{ioeC:r<|io|<.R}, and so the latter set equals Z(z), which proves (vi).
Proof of Lemma 2.1. Applying holomorphic coordinate change (z, w) -> (z, w -f0(z)), we can assume without loss of generality that f0 = 0. We first prove the following assertions. Clearly, g(z) ^ 0 = f0(z) by Theorem 2.3(vi). If t -t0, the graphs of g, fx, ... , fn are analytic discs contained in S'°, which are mutually disjoint by conditions (ii) and (vii) of Theorem 2.3. This completes the proof of Assertion 1 and the general case will be reduced to it. We continue to assume that f0(z) = 0, but fx, ... , f" are no longer bounded. By applying the additional coordinate change (z, w) -► (z, w/fx(z)), we can assume without loss of generality that fi0(z) = 0, fx(z) = 1, and f.:D^W = C\{0,I}, 7 = 2,...,«.
Fix a (£ {f0(0), /, (0), ... , f"(0)} ; in particular aGW. We can apply Assertion 1 to every closed disc D -{\z\ < p} and obtain, for every 0 < p < 1, an analytic function gp : Dp -* C such that gp(z) ¿ f0(z),..., fn(z), zGDp; gp(0) = a.
Since, in particular, gp(Dp) C W, p G (0, 1), we can apply now the wellknown fact that W = C\{0, 1} is completely hyperbolic [7, Chapter I, §3] .
Consider an arbitrary p0 G (0, 1), and fix px G (p0, 1). It follows from the complete hyperbolicity of W that there is a compact subset K c W such that K d gp(D ), p > px. K can be taken to be the closed hyperbolic ball in W with center at a, of sufficiently large radius [7, Chapter I, Proposition 3.1]. Hence {gp\D } is a Montel family whenever p0 < px < 1, and so there is a sequence p(n) < 1 such that gp{n) converges uniformly on compact subsets of D to some g G H(D). Clearly, ^(0) = a. Since gp(n)(z) ¿ f.(z) for \z\ < px< p(n) and g(0) ^ fi(0), Hurwitz's theorem implies that g(z) =¿ f0(z),...,fn(z). Q.E.D.
APPLICATIONS OF THE HOLOMORPHIC AXIOM OF CHOICE
We first show how the finite case of the holomorphic axiom of choice implies the general case (Theorem 1.4) and the extendability of holomorphic notions (Theorem 1.3). Since these derivations have already been indicated by Sullivan and Thurston [13, §1] , we give only a brief sketch, for the convenience of the reader. Afterward we discuss further relations between polynomial hulls and holomorphic motions.
Proof of Theorem 1.4 (sketch). Choose in E a dense sequence {en}n=0 of mutually distinct points (E is assumed to be infinite). By replacing motion
we can assume, without loss of generality, that f(z,e0) = 0, f(z,ex)=I, zgD. Let a <fc E. Applying Lemma 2.1 to functions f0, fx, ... , fn , « > 2, where fn(z) = fn(z, en), and in particular /0 = 0, /, = 1, we obtain gn g H(D), suchthat g(0) = a and gn(a) £ {0, 1, f2(z), ..., fn(z)}. Since gn(D) c W = C\{0, 1}, the same application of the complete hyperbolicity of W as made at the end of §2 yields that {gn} is a normal family and, since g"(0) = a, « > 1, functions gn converge uniformly on compact subsets of D to some g G H(D). Clearly, g(0) = a. Suppose that g(z0) = f(z0, w0), for some w0 G E. For some subsequence en , lim en -w0 and the nowhere-vanishing functions f" -g converge uniformly on compact subsets of D to a function vanishing at zQ, but not at 0, which contradicts Hurwitz's theorem. Hence g(z) $ fz(E). Q.E.D.
Proof of Theorem 1.3 (sketch). The argument is essentially the same and was also indicated by Sullivan and Thurston [ 13, § 1 ] . Choose a countable dense sequence {an}™=x in C\£' with mutually distinct terms an . By Theorem 1.4, there is a function gx G H(D) such that gx(0) = ax and gx(z) ^ fz(E). We will construct inductively a sequence of functions g2, ... , gn, ... G H(D) such that gn(0) = an , and gn(z), « = 1,2,... are mutually distinct points of C\fz(E). If gx, g2, ... , gn are already constructed, then f(z ,w), gx(z), ... , gn(z) define together a holomorphic motion over D, of the set E\J{ax, a2, ... , an} . Applying the holomorphic principle of choice (Theorem 1.4) to this new motion and letting a := an+x , we obtain gn+x G H(D) such that g"+1(0) = an+x and gn+l(z) tf2(E)U{gl(z),...,gn(z)}, zgD.
If we let E* = E u {an: n = 1,2,...}, define /*: D x E* -> C by f*(z, w) = f(z, w) when z G E, and let f*(z, en) -gn(z), then we obtain a holomorphic motion over D of the nonclosed, dense set E* which, by the "lambda lemma" (Lemma 1.1) has unique extension to an analytic motion Using extensions of holomorphic motions, we can slightly improve Theorem 1.2 as follows: Corollary 3.1. Let X -\J/.€dD{QxX(Q G C be a compact set with all the fibers X(Q connected. Assume that the polynomial hull h(X) intersects D x C, and denote by E the fiber over 0; E = {w: (0, w) G h(X)}. Then there exists a holomorphic motion f: DxE -► C of the nonempty set E such that h(X)(~)DxC is equal to the trace of E ; i.e., h(X)nDx C = { (z, f(z, w) (note that E = E(0) ); that is, G(D x E) = h(X) n D x C. We complete the proof by letting / = G\D x E. Q.E.D.
It is a natural question whether the converse of Corollary 3.1 holds. Namely, if /: DxE -* C isa bounded holomorphic motion of (say, connected) compact set E, can we represent its trace as follows?
where X is some compact subset of dD x C. It turns out that this can fail even when E is a single point. In this example, failure of representation (3.1) was caused by bad boundary properties of f(z,w)as\z\/\.
Mild boundary regularity assumptions likely should suffice for (3.1) to hold; the following fact is a first step in this direction. Proposition 3.3. Let f:DxE->C be a bounded holomorphic motion; i.e., sup{|/(z, w)\ : z g D, w G E} < -foo of the compact, simply connected set E.
Then, for every p < 1, where Xp = {(pew, f(pew,w)):6gR, wgE}.
Proof. Let F: DxC -> C be a holomorphic motion, extending /, as in Theorem 1.3. Suppose that (3.2) fails, and denote the left-hand side of (3.2) by Z .
Thus, there is a (zQ, w0) G Dx (C\E) such that (z0, F(z0, w0)) G h(X )\Z . Let w(t), 0 < t < 1, be a continuous arc contained in (C\£') 
